ROBOTICS KINEMATICS I

Forward KRinematics

By Mustafa Shiple
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« Task of kinematics is to describe the location of systems

In space.
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Kinematics

¢ Forward Kinematics:
to determine where the robot’s hand is?
(If all joint variables are known)

¢ Inverse Kinematics:
to calculate what each joint variable is?
(If we desire that the hand be
located at a particular point)
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J Matrix Representation(point)

¢A point Pin space :
3 coordinates relative to a reference frame

: P=axi+by J+C:K
i _ax-
P = |b,
c,




C= Quick Math Review (Dot Product)
)

Geometric Representation:

Ae+B = ||A] |[B]| cos®
Matrix Representation:

_ ax] |by

AeB= a, ° b, = ayby + a;by

Unit Vector
Vector in the direction of a chosen vector but whose magnitude is 1.

- _B //g

c
W



L= Quick Matrix Review (Matrix
) Multiplication)

An (m x n) matrix A and an (n x p) matrix B, can be multiplied since the number of
columns of A is equal to the number of rows of B.

Non-Commutative Multiplication

AB s equal to BA

2 e ey e

Matrix Addition:

sl Hlers o)



'-_="Representat(on of a Frame Relative to a
' Fixed Reference Frame |

Z
F=|" 9% 9 Dy 1
nZ OZ aZ pZ .
O 0 O 1 0




L_=HJ What's n, 0, and a

* (almost) By convention:

[v] n {e}: end effector frame

ar[z]

- a: approach vector (aligned with the roll axis and pointing outwards)
- 0: orientation vector (in the direction of motion of the gripper jaws)
- N: normal vector (orthogonal to the plane defined by 0 and a)

* Homogeneous transformation matrix:

nX a'X pX
Pose of the end effector with o7 _ n, a, p, (Py: Py, P,): position of {e}
respect to the robot base I a p with respect to the base
zZ A z
| 0 0 1




Example

mn, =1
ny=0 0y Gy Dy

n,=0 o, a, p,
0 0 0 1.
1 0,=0 a, p,
0 o,= a, py
0 0, = a, Pz
0 0 0 1.

OX ax px ]




Example

===

M, =1 0, a, Dy
ny, = 0 0y Gy Dy
n, = 0 0, a; Py

0 0O 0 1.

0 0 Dy
0.707 —0.707 Dy

0.707 0.707 p,
0 0 1.




Example

==

0 0 Dy ]
0.707 —0.707 Dy
0.707 0.707 p,

0 0 1.

1 0 0 3]

0 0 0 1]

0 0707 —-0707 5
0 0707 0707 7

X




'-_=HI Representation of a Pure
' Translation




[1Representation of a Pure Translation

r‘ ‘J’
1 0 0 dx Ny Ox Gy Pyl Ny Ox Gy Pyt dx_
0 1 0 d, | % A Py[_|[ny oy ay by + d,
0 0 1 d, ng 0z 04z Py n, o, a, p,+d,
o o0 o 14 LO O O 1F Lo o0 o0 1




i Example

l ‘ frame F is moved 3 units along the x-axis and 2 units along

the z-axis of the reference frame. Find the new location of the

frame. 1 0 0 3
0O 1 0 O
0O 0 1 2
O 0 0 1]
a /7
.y }/l
0
L 0.527 —0.574 0.628 8
1 F—| 0369 0819 0439 10
~ |-0.766 0 0.643 6
0 0 0 1
y 3 i

X Y



X

==

o O = O

o = O O

o O R

o O - O

=N o Ww

o = O O

[ 0.527
0.369
—0.766
0

0.527
0.369

—0.766 0
\: O

—0.574 0.628 8]

0.819
0
0

0.819

0.643

—0.574 0.628 8
6

Y
0.439 10
0.643 6
0 1.

 0.527 —0.574 0.628 11
0.369 0.819 0.439
—0.766 0 0.643
0 0 0 1

0.439 10

1

[ 0.527
0.369
—0.766
0

1
|
|

—0.574 0.628 11]

0.819
0
0

0.439 10
0.643 8
0 1.




Rotation around axis



@} Rotation about x-axis

Yl =T1 Sin® e
Y, =r;sinf Y, =r;sin(a + ¢)

Xy =m11cosQ
X, =rycos0 © X, =1 cos(a+ @) \

Xo = rycos(a)cos(¢) — rysin(a)sin(¢)
Xo = cos(a) Xy — sin(a) Y
Yo = sin(a) Xy + cos(a) Yy

Xg] _ [cos(a) —sfn(a:)] [X1]

Yo sin(a) cos(a) | | Yq

a eGa\\

0S(a + ¢) = cos(a)cos(o) — sin(a)sin(o)
sin(a + ¢) = sin(a)cos(¢) + cos(a))sin( )




I Rotation about x-axis (General form)

. vy Xo| |cos(a) —sin(a)| | X
As same as x-axIs [yj - [sin(of) cos(of)] [Yj]
_px— '1 0 0 | _Pn_
py| =10 cos@ -sinf| | p,
D, |0 sinf cosf | | p,
10 0
Rot(x,0)=10 CO -S0O
0 SO CoO




- Example:

Find the resulting vector after rotating vector p,=(0, V3, 1) an angle 30°

about axis x

<

D>

1 0

R(30°x) ={0 cos(30°) —sm(30°)
cos(30°) |

|0 sin(30°)

p, = R(30°x)p, =

0
1
J3

0




Rotation Summary

\

Rotation about the x axis

10 0
R.(0)=|0 cosfd —sinf

0 siné@ cosé

A
Rotation about the y axis “By
cosd 0 sind@ ¥ ~
R@= 0 1 0 ) ol
—sin@ 0 cos® . 5 0 Ya
Ly
"xiu

Rotation about the z axis

cosfd —sinf 0
R (@)=|smé cos¢ 0

N M 1
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2D Example: R-R Robot

Procedure;:

1. Assign frames (that move with each link)

2. Relate a frame to the previous one
(°T, and 'T)

* UT,: system {1} with respect to {0} = “take” {0} to {1}

- Rotate @, about z: Rot,(q,)
- Translate |, along the resulting X (current frame): Tr,(l,)

T

cos(q,) —sin(q,)

sin(q,)  cos(q,)
0 0
0 0

0
0
1
0

O O O

o O O -

o O — O

O — O O

L

0

°T, = Rot_(q,)Tr(l,)

_COS(Ch) _Sin(ql) 0 I1 Cos(ql)
sin(g,)  cos(q,) O Lsin(g,)
0 0 1 0
0 o o0 1 |




b 2D Example: R-R Robot

Procedure;:

1. Assign frames (that move with each link)

2. Relate a frame to the previous one
(°T, and 'T)

* T.: system {e} with respect to {1} = “take” {1} to {e}
- Rotate (, about z: Rot,(q,)
- Translate |, along the resulting X (current frame): Tr,(1,)

'T. =Rot (q,)Tr (1,)

(cos(q,) -sin(g,) O O][1 0 O L | [cos(qg,) -sin(q,) O I, cos(q,)
o sin(g,) cos(q,) O 0|0 1 0 O _ sin(g,) cos(q,) O 1,sin(q,)
° 0 0 1 0|0 0 1 0 0 1 0

0 0 0 1/lo0 0 0 1| | 0 o o 1 |
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| 2D Example: R-R Robot

Procedure:

3. Multiply to obtain the final transformation matrix °T,

()T

cos(q) —sin()

or _|SN(@)  cos(a)
0 0

0 0

0

T, =
/_ 0

Position and orientation of the end
effector with respect to the base frame

0 I cos(a,)
0 I sin(q,)
1
0

0
1

[cos(q, +q,) -—sin(g, +0,)
sin(g,+q,) cos(qg, +0,)

0
0

|, cos(q,)+1, cos(q, +0,)

cos(q,) —sin(q,)

0
sin(d,)  cos(d,) O
0 0 1

0

0 0

l, sin(q,) +1, sin(g, +a,)
0
1

|, cos(d,)
1, sin(q,)




Cobra robot

https://www.youtube.com/watch?v=IRDJnwFDQq88



T Example Combine rotation

5
End effector = [30| — 30° @ Z-axis — 30° @ X-axis — 90° @ Y-axis.
-1 O_
X5 | 'cos(30) —sin(30) O] [ 5] —10.68
Yo| = | sin(30) cos(30) Of |30 = | 28.48
2o 0 0 1] |10] - 10.0 |
1 0 0 | [-10.68] —10.68
= [0 cos(30) —sin(30) 2848 | = | 19.66
0 sin(30) cos(30)| | 10.0 | | 229 |
- cos(90) 0 sin(90)] [—10.68] (22.90]
= 0 1 0 19.66 | = |19.66
—sin(90) 0 cos(90)| | 229 | [10.68]




| Example

A point p[7, 3, 1] is attached to a frame F,_, and is subjected to the following
transformations:

1) Rotation of 90° about the z-axis

2) Followed by a rotation of 90° about the y-axis

e 3) Followed by a translation of [4, -3, 7]

-CQ —59 0- 'O _1 0 0

_ |1 0 0 o0
Rot(z,0)=| S0 Co of =7 2 2
0O 0 1 0 0 0 1

- CO 0 SO (0 0 1 0

|10 1 0 O

ROt( ,9): 0 1 0 - _1 O O O
-so0co] 9 0 01




Example

A point p[7, 3, 1] is attached to a frame F,_, and is subjected to the following
transformations:

1) Rotation of 90° about the z-axis

2) Followed by a rotation of 90° about the y-axis

3) Followed by a translation of [4, -3, 7]

1 0 0 4

translation of [4, -3, 7] = 0 10 =3
O 0 1 7

0 0 0 1]




Example

A point p[7, 3, 1] is attached to a frame F,_, and is subjected to the following
transformations:

1) Rotation of 90° about the z-axis
2) Followed by a rotation of 90° about the y-axis
3) Followed by a translation of [4, -3, 7] x,y,z axes

Pre-multiplied

Payz = Trans(4, —=3,7)Rot(y,90)Rot(z,90)pruoa =

100 47 [0 010] [o -1 71 [5
010 -3 0 100 |1 0 3 4
001 7 ~1000| |0 0 1 10
000 1] [0 o001] o 0 1] [ 1.



Transformations Relative to the
Current (Moving) Frame



Moving frame

A point p[7, 3, T]T is attached to a frame Fnoa and is subjected to
the following transformation relative to the current moving frame as:

7) A rotation of 90° about the a-axis
2) translation of 4, —3,7 along n-, o-, a-axes
3) Followed by a rotation of 90° about the o-axis

post-multiplied

Payz = Rot(a,90) Trans(4, —3,7)Rot (0,90) proa =

0 -100 100 4] [0 O010] 7 0
1 0 0O 010 -3 0 100 3 5
px}'z: X X X =
0 0 10 001 7 -1 000 1 0
00 01/ |[000O0 1| [0 OO0OT1| [1] [1]



I

Combined about frame

A frame B was rotated about the x-axis 90° followed by a translation
about the current o-axis of 2 inches, followed by a rotation about
the a-axis of 90° and a translation along the current y-axis of 3

inches:

a) Write an equation that describes the motions-

b) Find the final location of a point Bp = 1,3,2 T relative to the
reference frame:-

Pre-multiplied (reference)

post-multiplied (moving)

T, = Trans(0,3,0)Rot (x,90) | B| Trans(0,2,0)Rot (a,90)

1 0 0 0]
0103

0010

000 1.

10 0 0]
00 -120

01 0 0

00 0 1]

1 00 07

0100

0010

000 1

1 0 0 0]
0102

0010

[0 -1 0 0

000 1]

0 0 01

1 0 0O

0O 0 10




) Rule of thumb

* Transformation around fixed frame (pre-
multiplication)

* Transformation around moving frame
(post-multiplication)



THE END



EXTRA EXAMPLES



C;" Forward Kinematics: Geometric Method
3D Example: SCARA Robot

Adept’s SCARA Robot Schematic model of a SCARA robot
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3D Example: SCARA Robot

1. Take {0} to {1}

- Translate {0} a distance |, along z,.

- Rotate 180°+q, about z, to get to {1}

o O O -

o O ~— O
o + O O

OTl

Tr,(l,) Rot, (180°+q,)

0 -, s, 00 |
0 -s, —¢, 00 . 7
, 0 0 10 °
1 0 0 01 A/k
i i %o Yo
-¢, s 00
-s, ¢, 0 O
0 0 11 Arbitrarily assign
00 0 1] frames

Since translation and rotation are with respect to the same

axis, we have:

Trz (Il) ROtz (Ch) = ROtz (ql)Trz (Il)



=

J

3D Example: SCARA Robot

2. Take {1} to {2} R
. 0y o g |
- Translate {1} a distance |, along X; iy L Ly, 3
- Then rotate (-90°+(,) about the new z to get to I<
{2} Z '

1 _ o
T, =Tr(l,)Rot,(—90°+q,)
100 I, s, ¢, 00 Il
0100 ¢, s, 00 %
001 0 0 10 A/k
0001 0 0 01 %o Yo
s, ¢, 0 |I,]
-, s, 0O
T, = 02 02 L o Arbitrarily assign
o 0 0 1 frames

In this case (as in general) the product is not commutative
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3D Example: SCARA Robot

3. Take {2} to {3}

dz TqS
g S
Translate {2} a distance |; along X, to get to {3} Q , |3 3,
2

100 I X X Y3
2 0100 adr 2 1(
T,=Tr () =0 o ¢ ‘"
000 1
Zuy X4 |
4
4. Take {3} to {4} , Vs
YA
- Translate {3} a distance (-1,+q;) along z, A/Ok
- Then, rotate (90°+q,) about z to get to {4} v ™S Vo

3T4 = Trz (_|4 + q3) ROtz (900 + q4) -

Arbitrarily assign
frames
0s _|4

o
~
|
wn
~
o —r O O
o
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3D Example: SCARA Robot

5. Multiply: take {0} to {4}

Write the end effector {4} in terms of the base % B
{0} — muiltiply the kinematic chain
0 0 1 2 3 1p x
T=("%)(T)(°T:)(°T.) ik
0 0f|s, ¢, 0 L{1 OO L{f-s, ¢, O O
0 Off-¢c, s, 0 00 12 0 O{jc, -s, O O
1 1| o 1 0llo 0 1 0 0 1 g-l| |
0 1]lo o 0 1jo o0 1jJ0o o0 0 1 o,
0
—Cips S 0 —bs, -G QO/L‘YO
oT _ Sioa ~Cros 0 |3C12_|231
, =
0 o 1 L-I,+q,
0 0O O 1 |

Forward kinematics using arbitrary

reference frames

op
3 d,
%3 Y3
2, X
4 | .
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3D Example: SCARA Robot

Optional:

The end effector convention can be used (axis h =X,
0 =Yy, a=2) for frame {e}

- Rotate {4} 180° about X,

4T:

1 0
0 cos(180°)
0 sin(180°)

0 0

0 0]
—sin(180°) 0
cos(180°) O
0 1

- Forward kinematics:

=TT

OT:

Cios —Sin 0
—Si1s Ci 0

0 0o -1

0 0 0

(1 0 0 O]
0 -1 0 O
o 0o -1 0
0 0 0 1]
_|3312_|201
I3C12_|251
L, -1, +0,
1 .

d, op
4 | |3 d,
2 Z, »
Z, " Z,
X X —
Yin . 2
<!x
2y X, |4
I y4V\V
1

Verify the result when the joint
configuration is null (zeros)



3D Example: SCARA Robot

Homogeneous Transformation Matrices using Python

Import sympy
matrices

Function for
translation

Function for
rotation about X

Function for
rotation about Z

from sympy.matrices import Matrix

def transl(x, y, z):
T = Matrix([[1,0,0,x],
[0,1,0,vy],
[0,0,1,z],
[0,0,0,111)
return T

def trotx(ang):
T = Matrix([[1,0,0,0],
[0, cos (ang),-sin(ang), 0],
[0,sin (ang),cos (ang),0],

[0,0,0,111])
return T
def trotz(ang):
T = Matrix([[cos(ang),-sin(ang),0,0],
[sin (ang), cos(ang),0,07],
[0,0,1,0],
[0,0,0,111)

return T




3D Example: SCARA Robot

Homogeneous Transformation Matrices using Python

Import sympy

Homogeneous
transformations and
their products

Using the
convention for the
end effector

When all joint
values are zero

from sympy import *

qgl, g2, g3, g4 = symbols("gl g2 g3 g4")
11, 12, 13, 14 = symbols("11 12 13 14")

Tl = transl1(0,0,11)*trotz (pitgl)

T2 = transl(12,0,0) *trotz (-pi/24+g2)

T3 transl (13,0,0)

T4 transl (0,0,-14+9g3) *trotz (pi/2+g4)
T04 = simplify (T1*T2*T3*T4)

print (T04)

Te = trotx(pi);
TOe = simplify (T04*Te);
print (TOe)

TOG.SUbS([(qll O) ’ (CI2, O) ’ <q3r O) ’ (q4r O) ])
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